INTRODUCTION
We argue that one method of measuring the efficiency of a class of trees is to compute the average number of comparisons made by an insert, delete, or member opération in each tree in the class. But the average number of comparisons made by one of these opérations in a given tree is the average length of a path from the root to a node. Moreover, the average path length of a tree (with respect to a uniform probability distribution on the items in the tree) is its path length (the sum of the lengths of the path from the root to each node in the tree) divided by the number of nodes in the tree. Hence, the path length is an important measure of the efficiency of a class of trees. in its own right. In addition, the minimum and maximum values of the path length, for each size of tree, are also important, since they détermine the range of possible path lengths and, hence, the range of values of the average number of comparisons made by an opération in trees of the same size.
Knuth [Knu73] showed that a binary tree has the minimum path length among ail binary trees of size N if and only if the external nodes (nodes with no children) appear on exactly two levels in the tree and those two levels are consécutive; see Figure 1 . The external path length of such a tree is where 6 -flog 2 (N + 1)] -log 2 (N + 1) G [0, 1). A binary tree has the maximum path length among ail binary trees of size N if and only if it has at most one internai node per level; that is, a binary tree has the maximum path length for its size if and only if every internai node has at most one internai child; see, for example, the tree in Figure 2 . The external path length of such a tree is TV (TV+ 3)
The path lengths of most binary trees fall somewhere in the middle of this range, rather than at the extrêmes; therefore, there have been attemps to refine these bounds. Nievergelt and Wong [JNTW73] give an upper bound for the path length of a binary tree T in terms of the weight (the number of external nodes) and the maximum weight balance of T's subtrees. Klein [DP94] derived an attainable lower bound for the path length of binary trees of a given size and fringe thickness, when the fringe thickness is less than half of the size. We solve the minimum-pathlength problem completely using an approach based on some of DeSantis and Persiano's intermediate results and on their methodology.
DEFINITIONS
We now give the basic définitions and results for binary search trees. Many of the following définitions are illustrated in Figure 3 . The trees that we consider are extended trees; that is, the nodes of each tree are of two types: interna) nodes (nodes that have at least one child) and external nodes (nodes with no children). A binary tree is a tree in which every internai node has exactly two children.
The size of a binary tree T is the number of internai nodes in the tree; it is denoted by size (T). The height of a tree T is the number of edges on a longest root-to-frontier path; it is denoted by ht(T). The level of a node in a tree is the distance of the node from the root of the tree, where the distance is the number of edges on the path from the root to the node. Thus, the root is a level 0, its children (if any) are at level 1, their children are at level 2, and so on. DÉFINITION We can ignore the placement of nodes in the arguments that we use throughout this paper; we need to known only how far each node is from the root of the tree. The (external-node) profile of an extended binary tree is an appropriate abstraction; it was introduced by De Santis and Persiano [DP94] . The (external-node) profile of a binary tree is the séquence (eo, ei, , £fe) of the numbers of external nodes on each level in the tree. We employ the following shorthand notation for profiles: a b represents * represents a nonnegative integer, and + represents a positive integer. Not all séquences of integers are profiles of binary trees; therefore, we shall use the Kraft Equality to détermine whether a séquence of integers is a profile. Since the root of every nonempty binary tree is an internai node, every nonempty binary tree has at least a Bin (1) prefix. Note that the height of the binary prefix of a binary tree is the minheight of the tree.
Let T be a binary tree and let (ÊQ, e\,..., e^) be its profile. The external path length of T is denoted by EPL (T) and is defined to be 
TWO TRIVIAL CASES
The two trivial cases are when the fringe thickness is 0 or 1. The perfect binary trees are the only binary trees with fringe thickness 0. There is a binary tree of size N and fringe thickness 0 if and only if N + 1 is a power of two. In contrast, there is a binary tree of size N and fringe thickness 1 if and only if N + 1 is not a power of two. AU binary trees of size N and fringe thickness 1 have the same profile; each has height |~log 2 (N + 1)] and exactly N -2^l og 2( iY+1 )J + 1 internai nodes on the next-to-last level, level |_log 2 (N + 1)J. Thus, we assume that A > 1 in the following sections.
(a, A, AO-TREES
De Santis and Persiano [DP94] show that the binary trees that have minimum path length, for a given size N and fringe thickness A, are ••(0+,+,*, l A -3 ,2), if a = -1.
•(0+,l, 0 A " 2 ,*, *), if a = A-2.
• (0 + , 1, 0 a , *, *, l A -("+ 3 ), 2), otherwise. Given TV, A, and a, what conditions must they satisfy to guarantee the existence of an (a, A, 7V>tree? Certainly, we must have 2 < A < N -1 and -l<a<A -2, but these conditions are not sufficient As a first step in finding sufficient conditions, we show how to bound the *'s and +'s in the profiles of the (a, A, iV)-trees, when we are also given the minheight b. • (0\*i,*2, 1 A~2 , 2), where 1 < *i < 2 b -1 and * 2 = 2 (2 b -*i) -1, if a = -1.
• (0 è , 1, 0 A~2 , *i, * 2 ), where 0 < *i < 2 A~1 (2 6 -1) -1 and
• {0*, 1, 0 a , *i, * 2 , l A -( fl + 3 ), 2), wtere 0 < *i < 2 a+1 (2 6 -1) -1 and * 2 = 2{2 a+1 (2 6 -1) -*i) -1, otherwise.
Proof: Let T be an (a, A, iV)-tree with minheight b. We use the profile of T and the following fact to compute the numbers of internai nodes on eâch level, which enable us to dérive bounds on *i and relate *i to * 2 -Letting H dénote the number of internai nodes on level i, it is clear that the number of nodes on level i 4-1 is 2/,,, because internai nodes have two children and external nodes have no children. Moreover, the number of nodes on level i + 1 can also be expressed as i^i + Because T has minheight 6, the numbers of internai nodes on levels 0 to b -1 is 2°, 2 1 ,..., 2 b~l . The numbers of internai nodes on the remaining levels depend on the parameter a. We consider the three possible values of a in turn.
If -1 < a < A -2, then (0 6 , 1, 0 a , *i, * 2 , l A "( a + 3 ), 2) is the profile of T. Because there are 2 b-1 internai nodes on level 6-1 and we are given the numbers of external nodes on levels 6 to 6 H-a, we can compute the numbers of internai nodes on levels b to b 4-a. The numbers of internai nodes on levels 6 through b + a is, therefore, 2 b -1, 2 1 (2 6 -1),..., 2 a (2 b -1).
Similarly, we can compute, from the frontier upwards, the numbers of internai nodes on levels b 4-a + 3, 6 -h a + 4,..., b + A to be 1,..., 1,0.
We can now bound *i, the number of external nodes on level b + a + 1. Since there are nodes on levels b + a -h 2 onward, there is at least one internai node on level b + a + 1. Furthermore, since there are 2 a (2 b -1) internai nodes on level b + a, there are 2 a+1 (2 6 -1) nodes on level b + a + 1; therefore, 0 < *i < 2 a+1 (2 b -1) -1. In addition, because there are two nodes on level b -h a + 3, there is exactly one internai node on level b + a + 2; therefbre, n = 2(2 a+1 (2 6 -1) -* a ) -1.
If a = -1, then (0 fe , *i, *a, 1 A^2 , 2) is the profile of T. Since T has minheight 6, there must be at least one external node oa level b; that is, If E is the profile of some binary tree T, then T has size iV = *i + *2 + A -(a + 3) + 2, fringe thickness A, minheight 6, and T is an (a, A, 7V)-tree. Now, we establish that E is the profile of a binary tree by showing that *i and *2 are nonnegative, and that E satisfies the Kraft equality. The inequality *i > 0 follows directly from the inequality N + 1 < 2 a+2 (2 6 -1) + A -a -1 and the inequality * 2 > 0 follows the inequality 2 a+1 (2
where e% is the i-th element of E. Substituting the values of *i and *2 and 
CHARACTERIZATION OF MINKMUM-PATH-LENGTH TREES
We begin the approach to our main theorem (Theorem 5.1) with the définition of a value that will be the minheight of minimum-path-length trees. DÉFINITION 
5.1: Let b(a, A, N) be the value

hl-s™-)\-
We now establish necessary and sufficient conditions for the existence of (a, A, iV)-trees. where ij is tiie number of internai nodes on level j and EJ is the number of external nodes on level j, to levels b to b + a, we conclude that each of the 2 b -1 internai nodes on level b is the root of a subtree with a Bin (a 4-1) prefix. Therefore, remove (2 b -1) (2 a+1 -1) internai nodes to build (2 b -l)Bin(a + 1) binary préfixes for the subtrees that are rooted on level 6. Levels b + a + 2 to b + A : The external node profile for levels 6+a4-3to6+A is (i A -( öt + 3 ), 2). By applying the above formula for i = b + A,..., 6-ha-f 2, we see that there can only be one internai node on level b 4-CL -f 2 and it is the root of a Snake (A -(a 4-2) ) subtree. Therefore, remove A -(a 4-2) internai nodes to build a Snake (A -(a 4-2) ) rooted on level b + a + 2. Letc = [log 2 (iV+l+2 a+1 +a-A)J. Clearly, 2 C < i\T+H-2 a+1 +a-A < 2 c+1 .SinceA<iV-landa> -1, we have 2 a+1 < iV + l + 2 a+1 + a-A; that is, a + 1 < c. Thus 2 a+1 + 1 < 2 a+2 < 2 C+1 and we can conclude that Prw/* SinceiV+1-A > 2^+ 1 -a, we have JV+l-h2ö+l-hö-A > By taking the logarithms and rearranging, we obtain therefore, 6(â, A, JV) > 1.
We now have to prove that â is the largest integer such that & (â, A, JV) > 1. Consider any integer a' > â; therefore, because of the assumption about â, JV + 1 -A < 2 Ö ' +1 -o!. Now, repeating the first part of the proof with a', we find that 6(a / is an (a, A, N)-or (a -f  1, A, N The characterization of the maximum-path-length binary trees, for all sizes and fringe thicknesses, is still unsolved. Cameron [Cam91] and Cameron and Wood [CW94] give a partial solution by characterizing the maximumpath-length binary trees, for all sizes, fringe thicknesses, and heights, The détermination of the heights that guarantee maximum path length is the crucial unsolved problem.
